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Abstract
We perform a classification of the Lie and Noether point symmetries for the Klein-Gordon and for the
wave equation in pp-wave spacetimes. To perform this analysis we reduce the problem of the determination
of the point symmetries to the problem of existence of conformal killing vectors on the pp-wave spacetimes.
We use the existing results of the literature for the isometry classes of the pp-wave spacetimes and we
determine in each class the functional form of the potential in which the Klein-Gordon equation admits
point symmetries and Noetherian conservation law. Finally we derive the point symmetries of the wave
equation and we find that the maximum Noether algebra has dimension seven, that is the case of plane wave
spacetimes.
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1 Introduction
Lie point symmetries have been used in order to solve explicitly the Einstein field equations, and to find new
exact solutions in modified theories of gravity (for instance see [1, 2, 3, 4, 5, 6, 7] and references therein).
Furthermore, Lie point symmetries have also been used for the study of the geodesic equations and for the
determination of exact solutions of the wave equation in various gravitation models [8, 9, 10, 11, 12]. As far as
concerns the wave equation in Riemannian spacetimes, a symmetry analysis of wave equation in a power-law
Bianchi III spacetime can be found in [13] and a symmetry analysis of the wave equation on static spherically
symmetric spacetimes, with higher symmetries, was carried out in [14]. Recently, in [15], we started a research
∗anpaliat@phys.uoa.gr
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‡tahir.mustafa@qu.edu.qa
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program where we performed the symmetry classification of the wave and the Klein-Gordon equation in Bianchi
I spacetimes. In this work we would like to extend this analysis and perform a classification of the Lie and
Noether point symmetries for the wave equation and the Klein-Gordon equation in pp-wave type N spacetimes.
The line element of a pp-wave spacetime is (A,B = 1, 2) [16]
ds2 = −2dudv − 2H (u, xA) du2 + δABdxAdxB (1)
where xA = (y, z) are the Cartesian coordinates and δAB = diag (1, 1) is the two dimensional Euclidian metric.
The non-zero connection coefficients of (1) are
Γvuu = H,u , Γ
A
uu = H,A , Γ
v
Au = H,A. (2)
The Laplace operator for the spacetime (1) is
∆Ψ ≡ −2Ψ,uv + 2H
(
u, xA
)
Ψ,vv +∆δΨ, (3)
where ∆δ is the Laplacian of the two dimensional Euclidian space. It follows that the Klein-Gordon equation
in (1) has the following form
−2Ψ,uv + 2H
(
u, xA
)
Ψ,vv +∆δΨ+ V
(
u, v, xA
)
Ψ = 0. (4)
The main property of a pp-wave spacetime (1) is that admits the null Killing vector field k = ∂v. However
for special forms of the function H
(
u, xA
)
(1) admits a greater conformal algebra. The function H
(
u, xA
)
is
computed from the solution of Einstein field equations. For empty spacetime is given by the equation ∆δH = 0,
which in Cartesian coordinates is
H,yy +H,zz = 0.
The classification of the Killing algebras of (1) has been done in [17], whereas in [18] are given the conformal
algebras of (1). In the following we use the classification of [18], which means that the results we find hold also
for non empty spacetimes. The plan of the paper is as follows.
In Section 2 we give basic definitions and properties of Riemannian collineations and introduce the Lie
and the Noether point symmetries of differential equations. Furthermore, we discuss the relation between
the Lie and Noether symmetries of the Klein-Gordon equation with the conformal algebra of the underlying
Riemannian manifold. In Section 3 we determine the functional form of the potential V
(
u, v, xA
)
and the
function H
(
u, xA
)
of (1), in order the Klein-Gordon equation (4) to admit Lie and Noether point symmetries.
The complete symmetry analysis for wave equation in the pp-wave spacetime (1) is given in Section 4. Finally,
in Section 5 we discuss our results and draw our conclusions.
2 Collineations and symmetries of differential equations
2.1 Collineations of Riemannian manifolds
Let a space with coordinates {xi}. Consider the one parameter point transformation
x¯i = xi + εξi
(
xk
)
. (5)
in which ξi
(
xk
)
are the components of a vector field called the infinitesimal generator of (5).
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Let Ω be a geometric object in V n with transformation law Ωa
′
= Φa
(
Ωk, xk, xk
′
)
. Under the action of
the point transformation Ω changes to Φ
(
Ωk, xk, xk
′
)
.We define the Lie derivative Lξ of Ω with respect to the
vector field ξ as follows [19]
LξΩ = lim
ε→0
1
ε
[
Φ
(
Ωk, xk, xk
′
)
− Ω
]
. (6)
By definition the Lie derivative of a geometric object depends on its transformation law. For functions, the
transformation law is F ′
(
x¯i
)
= F
(
xi
)
, hence under the point transformation (5) we have
F¯
(
x¯i
)
= F
(
xi + εξi
)
= F
(
xi
)
+ εF,iξ
i +O
(
ε2
)
.
Hence from (6) it follows
LξF = F,iξi. (7)
We say that the function F
(
xi
)
is invariant under the action of (5) if LξF = 0; In this case ξ is called a
symmetry of the function F
(
xi
)
.
In general we have
LξΩ = Λ (8)
where Λ is a tensor which has the same number and symmetries of the indices with Ω. We remark that Ω is not
necessarily a tensor. In this case we say that the vector field ξ is a collineation of Ω. The type of collineations
depends on the tensor Λ.
In Riemannian Geometry (and in General Relativity) in general we are interested on geometrical objects Ω
which are defined in terms of the metric1. In particular in this work we shall consider the geometric object Ω =
gij , and Λ = 2ψ
(
xk
)
gij ; that is, condition (8) becomes
Lξgij = 2ψ
(
xk
)
gij . (9)
The vector field ξ is called as conformal Killing vector (CKV). In general ψ
(
xk
)
= 1
n
ξi;i, where n is the
dimension of the Riemann space V n and ”; ” denotes the covariant derivative with respect to the metric tensor
gij . If ψ;ij = 0 the field ξ is called special Conformal Killing vector (sp.CKV), when ψ;i = 0, i.e. ψ
(
xk
)
= ψ0,
ξ is called Homothetic vector (HV) and when ψ
(
xk
)
= 0, ξ is a Killing vector (KV) of the metric tensor gij .
The CKVs of a metric form a Lie algebra and so do the KVs and the HV. If we denote by GCV , GHV , GKV
these algebras we have the inclusion relations
GKV ⊆ GHV ⊆ GCV (10)
and
0 ≤ dimGH−K ≤ 1 (11)
where GH−K = GHV −GHV ∩GKV ; the last relation means that a Riemannian space admits at most one HV.
Concerning the dimension of the conformal algebra GCV we have dimGCV ≤ 12 (n+ 1) (n+ 2) .
Collineations constitute a strong constraint on the geometric structure of a space. For example if a space
admits 12n (n+ 1) then it must be a space of constant curvature and there are only three types of spaces with
curvature 0,±K whose metric in Cartesian coordinates has the general form
ds2 =
(
1 +
K
4
ηijx
ixj
)−1 (
ηijdx
idxj
)
. (12)
1For the complete classification of the collineations of Riemannian manifold see [21, 20].
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2.2 Lie point symmetries of differential equations
Consider the second order partial differential equation Θ
(
xk,Ψ,Ψ,i,Ψ,ij
)
= 0, where xk are the independent
variables, Ψ = Ψ
(
xk
)
is the dependent variable and, Ψ,i =
∂Ψ
∂xi
. Latin indices take the values 1, 2, ..., n.
Let
(
xi,Ψ
) → (x¯i (xk,Ψ, ε) , Ψ¯ (xk,Ψ, ε)) , be a one parameter point transformation of the independent and
dependent variables with infinitesimal generator
X = ξi
(
xk,Ψ
)
∂i + η
(
xk,Ψ
)
∂Ψ. (13)
The differential equation Θ can be seen as a geometric object on the jet space J = J
(
xk,Ψ,Ψ,i,Ψ,ij
)
. We
say that X defines a Lie point symmetry of Θ
(
xk,Ψ,Ψ,i,Ψ,ij
)
= 0, if the following condition is satisfied
LX[2]Θ = λΘ, (14)
in which X [2], is the second extension/prolongation of X in the space J , given by the formula
X [2] = X + ηi∂Ψ,i + ηij∂Ψ,i , (15)
where, ηi = Di (η) − Ψ,kDi
(
ξk
)
, ηij = Dj (ηi) − ΨkiDjξk, and Di is the operator of the total derivative, i.e.
Di =
∂
∂xi
+Ψ,i
∂
∂Ψ +Ψ,ij
∂
∂Ψ,j
+ ... [22, 23].
The existence of a Lie point symmetry for a partial differential equation (PDE) means that there exist a
”coordinate” system in which the differential equation Θ is independent on one of the independent variables.
In addition, Lie point symmetries can be used in order to transform solutions into solutions between different
points of the space
(
xi,Ψ
)
[24].
If the differential equation follows form a Lagrangian L = L
(
xk,Ψ,Ψ,i
)
, that is Θ ≡ E (L) = 0, where E is
the Euler-operator, then one defines a special type of Lie symmetry by the condition
LX[1]L+ LDiξi = DiAi, (16)
where Ai is a vector field and X [1] is the first prolongation of X . These Lie point symmetries are called
Noether point symmetries2 and have the characteristic property that to the Lie symmetry X there corresponds
a conserved current Ii
(
xk,Ψ,Ψ,i
)
, that is DiI
i = 0, where
Ii = ξ
jHij + ηpi −Ai. (17)
where pi = ∂L
∂Ψ,i
and Hij = ∂L∂Ψ,iΨ,j − L.
If (16) holds, the Lie symmetry X is called Noether symmetry and the vector field Ii Noether current.
The Lie point symmetries of a PDE form a Lie algebra and the Noether point symmetries a subalgebra of this
algebra.
2.3 Collineations of Riemannian spaces as point symmetries of the Klein-Gordon
equation
One parameter point transformations in a Riemannian space define the collineations in that space which char-
acterize to a large extent the geometry of the space. But one parameter point transformations define also the
2In the literature the vector fields which satisfy condition (16) have been called Noether Gauge symmetries. However, condition
(16) is that of the standard Noether’s theorem [25] and the use of the term Gauge is unnecessar, for instance see [26, 27, 28].
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Lie point symmetries of PDEs in that space. Therefore one should expect that there exists a relation between
the collineations of a space and the Lie / Noether point symmetries of a PDE in that space. The reason for this
is twofold. First one may ”see ” the defining equation of a collineation as a PDE in the space which remains
invariant under the Lie point symmetry. Second the dynamical field equations which describe the evolution of
a dynamical system the space should be affected by the geometry of the space. This is most vividly seen in the
case of the geodesic equations which on one hand characterize the geometry of the space and on the other, in
accordance to the Principle of Equivalence, describe the equations of motion of a ”free” particle in the space.
Indeed it has been shown that Lie point symmetries of the geodesic equations in a Riemannian space are
elements of the special Projective algebra of the space [9], and that the Lie point symmetries form the projective
algebra of an extended manifold, for details see [29, 30].
Similar results have been found for partial differential equations which involve the metric tensor gij . Specif-
ically, it has been shown that the Lie point symmetries of the Schro¨dinger equation are generated by the
Homothetic algebra of the space which defines the Laplace operator [31]. Moreover, the Lie point symmetries of
the wave and of the Poisson equation are elements of the conformal algebra of the Riemannian manifold [23, 32].
The Klein-Gordon equation in a general Riemannian space is defined as follows
∆gΨ+ V
(
xk
)
Ψ = 0, (18)
where ∆g =
1√
|g|
∂
∂xi
(√
|g|gij ∂
∂xj
)
, is the Laplace operator defined by the metric tensor gij . Equation (18)
arise from a variational principle given by the following Lagrangian function
L
(
xk,Ψ,Ψ,k
)
=
1
2
√
|g|gijΨ,iΨ,j − 1
2
√
|g|V (xk)Ψ2 (19)
In [31], it has been shown that the Lie point symmetries for the Klein-Gordon equation (18) are
X = ξi
(
xk
)
∂i +
(
2− n
2
ψ
(
xk
)
Ψ
)
∂Ψ , XΨ = Ψ∂Ψ , Xb = b
(
xk
)
∂Ψ (20)
where ξi
(
xk
)
is a CKV of gij with conformal factor ψ
(
xk
)
, b
(
xk
)
is a solution of the original equation (18)
and the following condition holds
ξkV,k + 2ψV − 2− n
2
∆gψ = 0 (21)
where n = dim gij . The two fields XΨ, Xb are called linear symmetries, because they exist for a general linear
partial equation. For obvious reasons Xb is called a solution symmetry.
Concerning the Noether point symmetries of (18) we have that for the Lagrange function (19), the Lie point
symmetries of (18) (except the two trivial ones) are also Noether point symmetries of (19) and that the field Ai
of condition (16) has the following form
Ai =
2− n
4
√
gψ,i
(
xk
)
u2. (22)
In the following we apply these results in order to classify the Lie and the Noether point symmetries of the
Klein-Gordon equation (18) and the wave equation, V
(
xk
)
= 0, in pp-wave spacetimes.
3 Lie and Noether point symmetries of the Klein-Gordon equation
in pp-wave spacetimes
The pp-wave spacetimes have been classified according to the admitted isometry algebra in [17]. The complete
classification of the CKVs for the pp-wave spacetimes has been done in [18, 33]. However, as we discussed above
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the Lie/Noether point symmetries of the Klein-Gordon equation follow from the conformal algebra of the space
which defines the Laplace operator which means that in order to perform the classification problem we follow
the results of [18, 33] in order to determine all potentials V
(
u, v, xk
)
for which the resulting Klein-Gordon
equation (4) admits Lie and Noether point symmetries.
From [17] and [18], we have 14 isometry classes with some subclasses, in which the spacetime (1) admits a
greater conformal algebra. We remark that equation (4) is a linear equation therefore admits always the linear
(trivial) symmetries XΨ, Xb.
3.1 Isometry class 1
This is the most general isometry class and H = H
(
u, xA
)
is an arbitrary function. The spacetime (1) admits
a one dimensional conformal algebra given by the KV k. Hence we have that the Klein-Gordon equation (4)
admits the vector field k as a Lie or Noether point symmetry if and only if,
LkV = 0, (23)
from which follows that V
(1)
G = V (u, x, y).
3.1.1 Subclass 1i
If, H = H (u, z) , space (1) admits a three dimensional conformal algebra spanned by the three KVs
k = ∂v , X
(1i)
2 = ∂y , X
(1i)
3 = y∂v + u∂y. (24)
Therefore from conditions (21) we have that X
(1i)
2 , X
(1i)
3 are Lie point symmetries when
X
(1i)
2 : V
(1i)
2 = V (u, v, z) , (25)
X
(1i)
3 : V
(1i)
3 = V
(
u, x, y2 − 2uv) . (26)
Furthermore from the linear combinations of the vector fields we have that the vectorX(1i) = c1k+c2X
(1i)
2 +
c3X
(1i)
3 is a Lie point symmetry of (4) when
V
(1i)
G =
(
u, x,
2c1y − 2c2v + c3
(
y2 − 2uv)
2 (c2 + c3u)
)
. (27)
The commutators of the Killing algebra are as follows[
k,X
(1i)
2
]
= 0 ,
[
k,X
(1i)
3
]
= 0 ,
[
X
(1i)
2 , X
(1i)
3
]
= k (28)
3.2 Isometry class 2
WhenH = H (u, r) , the space admits a two dimensional conformal algebra spanned by the KVs k andX
(2)
2 = ∂θ.
Therefore we have that the field X(2) = c1k + c2X
(2)
2 is a Lie point symmetry of (4), if and only if,
V
(2)
2 = V
(
u, r, θ − c2
c1
v
)
. (29)
In this isometry class correspond four subclasses where the space (1) admits a greater conformal algebra.
However in the fourth class the exact form of the function H (u, r) is not exact, hence we study only the three
subclasses.
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3.2.1 Subclass 2i
Assume that H = K (αu+ β)
q
ln r, with β ∈ R and K,α ∈ R∗. In this case the space (1) admits an extra HV.
For q 6= −1 the HV vector is
H
(2i)
3 =
2
2α+ αq
[
(αu+ β) ∂u +
(
α (q + q) v − q + 2
2 (q + 1)
K (αu + β)
q+1
)
∂v +
2 + q
2
αr∂r
]
(30)
whereas for q = −1 the HV is
H
(2i)
3(−1) =
2
α
[
(αu+ β) ∂u − K
2
ln (αu + β) ∂v + αr∂r
]
(31)
The corresponding factors ψ
(2i)
H and ψ
(2i−1)
H are equal to one.
We have that the vector fields Y
(2i)
3 = H
(2i)
3 − 12XΨ, Y
(2i)
3(−1) = H
(2i)
3(−1)− 12XΨ are Lie point symmetries of (4)
provided the potential has the form
Y
(2i)
3 : V
(2i)
3 = (αu+ β)
−(q+2)
V
(
v (αu + β)
−(q+1)
+
q + 2
2α (q + 1)
K ln (αu+ β) , r (αu+ β)
−1− q2 , θ
)
, (32)
and
Y
(2i)
3(−1) : V
(2i)
3(−1) = (αu+ β)
−1
V
(
v +
K
4α
(ln (αu+ β))
2
,
r√
αu+ β
, θ
)
. (33)
The generic fields X(2i) = c1k + c2X
(2)
2 + c3H
(2i) − 12c3XΨ and X(2i−1)= c1k + c2X
(2)
2 + c3H
(2i)
(−1) − 12c3XΨ
are Lie point symmetries when the potential is
X(2i) : V
(2i)
G = (αu+ β)
−(q+2)
V
(
f (u, v) , r (αu + β)
−1− q2 , θ − c2 (q + 2)
2c3
ln (αu + β)
)
, (34)
or
X(2i−1) : V
(2i)
G(−1) = (αu+ β)
−1 V
(
v − c1
2c3
ln (αu + β) +
K
4α
(ln (αu+ β))2 ,
r√
αu + β
, θ − c2
2c3
ln (αu+ β)
)
,
(35)
respectively; the function f (u, v) is
f (u, v) =
(
v +
c1 (q + 2)
2c3 (q + 1)
)
(αu + β)−(q+1) +
q + 2
2α (q + 1)
K ln (αu+ β) . (36)
3.2.2 Subclass 2ii
When H = Ke−
Θ
β
u ln r, where Θ ∈ R and β,K ∈ R∗, the space (1) admits an extra HV. For Θ 6= 0 the HV is
H
(2ii)
3 = −
2β
Θ
∂u +
(
2v +
β
Θ
Ke−
Θ
β
u
)
∂v + r∂r , ψ
(2ii)
H = 1, (37)
and for Θ = 0 the HV is
H
(2ii)
3(0) = u∂u + (v −Ku)∂v + r∂r , ψ
(2ii0)
H = 1. (38)
Hence, we have that Y
(2ii)
3 = H
(2ii) − 12XΨ, Y
(2ii)
3(0) = H
(2ii)
(0) − 12XΨ are Lie point symmetries of (4) if and
only if the potential is
Y
(2ii)
3 : V
(2ii)
3 = V
(
ve
Θ
β
u +
K
2
u, re
Θ
β
u, θ
)
e
Θ
β
u, (39)
Y
(2ii)
3(0) : V
(2ii)
3(0) = V
(
vu−1 +K lnu, ru−1, θ
)
. (40)
7
Table 1: Commutators of the conformal algebras of isometry class 2 of the pp-wave spacetime (1) and of the
subclasses (2i)-(2iii)
[XI ,XJ ] k X
(2)
2 H
(2i)
3 H
(2i)
3(−1) H
(2ii)
3 H
(2ii)
3(0) S
(2iii)
3
k 0 0 2 q+1
q+2k 0 2k k 0
X
(2)
2 0 0 0 0 0 0 0
H
(2i)
3 −2 q+1q+2k 0 0
H
(2i)
3(−1) 0 0 0
H
(2ii)
3 −2k 0 0
H
(2ii)
3(0) −k 0 0
S
(2iii)
3 0 0 0
The generic vector fields X(2ii) = c1k + c2X
(2)
2 + c3Y
(2ii)
3 and X(2ii0) = c1k + c2X
(2)
2 + c3Y
(2ii)
3(0) , are Lie point
symmetries of the Klein Gordon equation if
X(2ii) : V
(2ii)
G = V
((
v +
c1
2c3
)
e
Θ
β
u +
K
2
u, re
Θ
β
u, θ − c2
2c3
Θ
β
v
)
e
Θ
β
u, (41)
X(2ii0) : V
(2ii0)
G = u
−2V
((
v +
c1
c3
)
u−1 +K lnu, ru−1, θ − c2
c3
lnu
)
. (42)
3.2.3 Subclass 2iii
When H = eg(u) ln r with g (u) = − ln (ρu2 + αu + β)− Θ ∫ (ρu2 + αu+ β)−1 du and ρ, α, β ∈ R∗, Θ ∈ R the
space (1) admits a sp.CKV. For simplicity we study the case Θ = 0. The sp.CKV is
S
(2iii)
3 = 2e
−g(u)∂u +
(
ρr2 + g (u)
)
∂v + (2ρu+ α) r∂r , (43)
where the conformal factor is ψ
(2iii)
S = 2ρu+ α, with
(
ψ
(2iii)
S
)
;µν
= 0.
Therefore from the sp.CKV S
(2iii)
3 , the generated Lie/Noether point symmetry vector is Y
(2iii)
3 = S
(2iii)
3 −
1
2ψ
(2iii)
S XΨ with corresponding potential
V
(2iii)
3 = e
g(u)V
(
v − ρ
2
r2ueg(u) −
∫
g (u) eg(u)du, re
1
2 g(u), θ
)
. (44)
Furthermore the vector field Y(2iii) = c1k + c2X
2
(2) + c3Y
(2iii)
3 is a Lie point symmetry vector of (4) if
V
(2iii)
G = e
−c3g(u)V

v − ρ2r2ueg(u) −
∫
eg(u)
(
g (u) +
c1
c3
)
du, re
1
2 g(u), θ − c2
c3
arctan
(
ψ
(2iii)
S√
4ρβ−α2
)
√
4ρβ − α2

 . (45)
The commutators of the elements of the conformal algebras of the isometry class 2 with the subclasses
(2i)-(2iii) are given in table 1.
3.3 Isometry class 3
In the isometry class 3, the function H
(
u, xA
)
is of the form H = u−2W (s, t) where the coordinates {s, t} are
s = y sin (c lnu)− z cos (c lnu) , (46)
8
t = y cos (c lnu) + z sin (c lnu) . (47)
The pp-wave spacetime (1) admits two KVs, the fields k and X
(3)
2 = u∂u−v∂v with commutator
[
k,X
(3)
2
]
=
−k. Hence the vector field X3 = c1k + c2X(3)2 is a Lie point symmetry of (4) provided that
V
(3)
G = V
(
uv − c1
c2
u, s, t
)
. (48)
3.4 Isometry class 4
When H =W (s¯, t¯) with
s¯ = y sin (cu)− z cos (cu) (49)
t¯ = y cos (cu) + z sin (cu) (50)
the pp-wave spacetime (1) admits a two dimensional conformal algebra with elements the two KVs k, X
(4)
2 = ∂u
with commutator
[
k,X
(4)
2
]
= 0. Therefore we have that the field X4 = c1k + c2X
(4)
2 is a Lie point symmetry
of (4), if and only if,
V
(4)
G = V
(
v − c1
c2
u, s¯, t¯
)
. (51)
3.5 Isometry class 5
In this case the spacetime (1) admits a three dimensional Killing algebra with commutators[
k,X
(5)
2
]
= 0 ,
[
X
(5)
2 , X
(5)
3
]
= 0 ,
[
k,X
(5)
3
]
= −k, (52)
where X
(5)
2 = ∂θ, X
(5)
3 = u∂u − v∂v and H = u−2W (r).
Therefore, the generic vector field X5 = c1k+ c2X
(5)
2 + c3X
(5)
3 is a Lie point symmetry of (4), if and only if
V
(5)
G = V
(
v − c1
c3
u, r , θ − c2
c3
ln (u)
)
. (53)
Moreover, for the subclasses (5i) withW (r) = ζ ln r, and (5ii) withW (r) =
(
δr−σ − σ (2− σ)−2 r2
)
, |σ| 6=
0, 2, the spacetime (1) admits a four dimensional conformal algebra.
3.5.1 Subclass 5i
When H = ζu−2 ln r the spacetime (1) admits the extra sp.CKV
S
(5i)
4 = u
2∂u +
(
r2
2
− ζ lnu
)
∂v + ur∂r , ψ
(5i)
4 = u. (54)
Hence the field Y
(5i)
4 = S
(5i)
4 − 12uXΨ is a Lie point symmetry of (4) provided
V
(5i)
4 = u
−2V
(
ru−1, v − r
2 + 2ζ (1 + ln u)
2u
, θ
)
. (55)
Similarly the field X(5i) = c1k + c2X
(5)
2 + c3X
(5)
3 + c4Y
(5i)
4 is a Lie point symmetry of (4) when
V
(5i)
G = (c3 + c4u)
−2 V
(
r
c3 + c4u
, F (u, r, v) , θ − c2
c3
ln
(
u
c3 + c4u
))
, (56)
where
F (u, r, v) =
c1 + c4uv
c4 (c3 + c4u)
− c4ur
2
(c3 + c4u)
2 −
ζ
c3
ln (c3 + c4u) +
c4
c3
ζ (1 + u lnu)
(c3 + c4u)
. (57)
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Table 2: Commutators of the conformal algebras of isometry class 5 of pp-wave spacetime (1) and of the
subclasses (5i), (5ii)
[XI ,XJ ] k X
(5)
2 X
(5)
3 S
(5i)
4 C
(5ii)
4
k 0 0 −k 0 0
X
(5)
2 0 0 0 0 0
X
(5)
3 k 0 0 S
(5i)
4 − ζk − 4(σ−2)C
(5ii)
4
S
(5i)
4 0 0 −S(5i)4 + ζk 0
C
(5ii)
4 0 0
4
(σ−2)C
(5ii)
4 0
3.5.2 Subclass 5ii
Contrary to the subclass (5i), this subclass admits the proper CKV
C
(5ii)
4 = u
4
2−σ ∂u +
(σ + 2)
(σ − 2)2 r
2u
2σ
2−σ ∂v +
2
2− σ ru
σ+2
2−σ ∂r, (58)
with conformal factor ψ
(5ii)
4 =
2
σ−2u
σ+2
2−σ . Since C
(5ii)
4 is a not a sp.CKV holds that
(
ψ
(5ii)
4
)
;ij
6= 0; however we
note that ∆
(
ψ
(5ii)
4
)
= 0 which means that ψ
(5ii)
4 is a solution of the wave equation. Therefore, we have that
the vector field Y
(5ii)
4 = C
(5ii)
4 − 12ψ
(5ii)
4 is a point symmetry of (4) when
V
(5ii)
4 = u
4
σ−2V
(
ru
2
σ−2 , v +
r2
u (σ − 2) , θ
)
, (59)
Furthermore, the field Y(5ii) = c1k + c2X
(5)
2 + c3X
(5)
3 + Y
(5ii)
4 is a point symmetry of (4) when
V
(5ii)
G = (f1 (u))
2
V
(
rf1 (u) , g (v, u, r) , θ − c2
c3
ln f1 (u)
)
, (60)
where
g (v, u, r) = v (f2 (u))
σ−2
σ+2 − c1
c3
(f2 (u))
− 4
σ+2 f2 (u) + c4
u
4
σ+2
2− σ (f1 (u))
2
f3 (u) r
2, (61)
and
f1 (u) =
(
c3 + c4u
σ+2
2−σ
)− 2
σ+2
, f2 (u) =
(
c4 + c3u
σ+2
2−σ
)
, (62)
f3 (u) =
∫
(f1 (u))
2 (f2 (u))
− 42+σ u−
2(σ+4)
2+σ du. (63)
The commutators of the elements of the conformal algebras of the isometry class 5 with the subclasses (5i)
and (5ii) are given in table 2.
3.6 Isometry class 6
In the isometry class 6, the spacetime (1) admits three KVs, the field k and the two vector fields X
(6)
2 =
∂θ , X
(6)
3 = ∂u, where H
(
u, xA
)
=W (r).
Hence, we have that the generic field X6 = c1k + c2X
(6)
2 + c3X
(6)
3 , is a Lie point symmetry of (4), if
V
(6)
G = V
(
v − c1
c3
u, r, θ − c2
c3
u
)
. (64)
For special functions H (r) the spacetime (1) admits a greater conformal algebra. There exist four possible
subclasses in which the pp-wave spacetime admits a greater conformal algebra.
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3.6.1 Subclass 6i
When W (r) = N4 r
2 + δr−2, the spacetime (1) admits two proper non sp.CKVs, the fields
C
(6i)
4 = sin
(√
2Nu
)(
∂u − Nr
2
2
∂v
)
+
√
2N
2
r cos
(√
2Nu
)
∂r, (65)
C
(6i)
5 = cos
(√
2Nu
)(
∂u − Nr
2
2
∂v
)
−
√
2N
2
r sin
(√
2Nu
)
∂r, (66)
with conformal factors ψ
(6i)
4 =
√
2N
2 cos
(√
2Nu
)
and ψ
(6i)
5 = −
√
2N
2 sin
(√
2Nu
)
which satisfy the wave equa-
tion, i.e. ∆ψ
(6i)
4−5 = 0.
Therefore, from the fields C
(6i)
4 , C
(6i)
5 we have the possible point symmetries Y
(6i)
4 = C
(6i)
4 − 12ψ
(6i)
4 XΨ and
Y
(6i)
5 = C
(6i)
5 − 12ψ
(6i)
5 XΨ for the Klein-Gordon equation (4) provided the potential has the following forms
Y
(6i)
4 : V
(6i)
4 = sin
(√
2Nu
)
V
(
r2 sin
(√
2Nu
)
, v −
√
2N
4
r2 cot
(√
2Nu
)
, θ
)
,
Y
(6i)
5 : V
(6i)
5 = cos
(√
2Nu
)
V
(
r2 cos
(√
2Nu
)
, v +
√
2N
4
r2 tan
(√
2Nu
)
, θ
)
.
Moreover, if the general vector field X(6i) = X6 + c4Y
(6i)
4 + c5Y
(6i)
5 is a point symmetry of (4), then
V
(6i)
G = V (g1, g2, g3) ,
where
g1 = r
2f1 (u) , g3 = θ − c2f2 (u) , (67)
g2 = 2v +
√
2Ng1
(
1
2
c5 sin
(√
2Nu
)
− c4 cos2
(√
2N
2
u
))
− 2c1f2 (u) ,
and
f1 (u) =
(
c3 + c4 sin
(√
2Nu
)
+ c5 cos
(√
2Nu
))−1
(68)
f2 (u) =
√
2
√
N
√
(c3)
2 − (c4)2 − (c5)2
arctan

 (c3 − c5) tan
(√
2N
2 u
)
+ c4√
(c3)
2 − (c4)2 − (c5)2

 . (69)
3.6.2 Subclass 6ii
When N = 0, i.e. W (r) = δr−2, the spacetime (1) admits a HV and a proper sp.CKV. These fields are
respectively
H
(6ii)
4 = 2u∂u + r∂r , ψ
(6ii)
4 = 1, (70)
S
(6ii)
5 = u
2∂u +
r2
2
∂v + ru∂r , ψ
(6ii)
5 =
u
2
. (71)
Note that
(
ψ
(6ii)
5
)
;µν
= 0. Therefore from the fields H
(6ii)
4 and S
(6ii)
5 we have the possible Lie point symmetries
of (4) Y
(6ii)
4 = H
(6ii)
4 − 12XΨ and Y
(6ii)
5 = S
(6ii)
5 − 12ψ
(6ii)
5 XΨ respectively.
This means that the generic point symmetry vector of (4) is X(6ii) = X(6)+ c4Y
(6ii)
4 + c5Y
(6ii)
5 provided the
potential has the form
V
(6ii)
G = f1 (u)V
(
r2f1 (u) , v − c5
2
r2f1 (u)− c1f2 (u) , θ − c2f2
)
, (72)
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where
f1 (u) =
(
c3 + 2c4u+ c5u
2
)−1
, f2 (u) =
arctan
(
c4+c5u√
c3c5−(c4)2
)
√
c3c5 − (c4)2
. (73)
3.6.3 Subclass 6iii
When W (r) = ζ ln r, the spacetime (1) admits the extra HV
H
(6iii)
4 = u∂u + (v − ζu) ∂v + r∂r , ψ(6i)4 = 1. (74)
It follows that Y
(6iii)
4 = H
(6iii)
4 − 12XΨ is a Lie point symmetry of (4) when
V =
1
u2
V
(
vu−1 + ζ lnu, ru−1, θ
)
. (75)
Moreover, the vector field X(6iii) = X6 + c4Y
(6iii)
4 is a Lie and Noether point symmetry of (4) if and only if
the potential has the following form
V
(6iii)
G = V
(
c4v + c1 + c3ζ
c4 (c3 + c4u)
− ζ
c4
ln (c3 + c4u) ,
r
c3 + c4u
, θ − c2
c4
ln (c3 + c4u)
)
. (76)
3.6.4 Subclass 6iv
When W (r) = δr−s with s 6= 2, 0, the spacetime (1) admits the extra HV
H
(6iv)
4 =
2 + σ
2
u∂u +
2− σ
2
v∂v + r∂r , ψ
(6iv)
4 . (77)
Hence, the vector field X(6iv) = X6 + c4
(
H
(6iv)
5 − 12XΨ
)
is a Lie and Noether point symmetry of (4) when
V
(6iv)
G = (f1 (u))
((
v + 2
c1
c3 (2− σ)
)2
f1 (u) , r
2f1 (u) , 2θ + c2 ln f1 (u)
)
. (78)
where f1 (u) = (2c3 + c4u (2 + σ)u)
− 42+σ .
In table 3, we give the commutators of the vector fields which form the conformal algebras of the isometry
class 6 and the subclasses (6i)-(6iv).
3.7 Isometry class 7
In the isometry class 7 H
(
u, xA
)
= e2ωθW (r) . For this H
(
u, xA
)
spacetime (1) admits as KVs the fields k and
X
(7)
2 = ωu∂u − ωv∂v − ∂θ , X(7)3 = ∂u. (79)
The commutators of the Killing algebra are[
k,X
(7)
2
]
= −ωk ,
[
k,X
(7)
3
]
= 0 ,
[
X
(7)
2 , X
(7)
3
]
= −ωX(7)3 .
The field X
(7)
2 is a point symmetry of (4) when
V
(7)
2 = V (vu, r, ωθ + lnu) . (80)
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Table 3: Commutators of the conformal algebras of isometry class 6 of spacetime (1) and of the subclasses
(6i)-(6iv)
[XI ,XJ ] k X
(6)
2 X
(6)
3 C
(6i)
4 C
(6i)
5 H
(6ii)
4 S
(6ii)
5 H
(6iii)
4 H
(6iv)
4
k 0 0 0 0 0 0 0 k
(
1− σ2
)
k
X
(6)
2 0 0 0 0 0 0 0 0 0
X
(6)
3 0 0 0 C
(6i)
5 −C(6i)4 2X(6)3 H(6ii)4 X(6)3 − ζk
(
1 + σ2
)
X
(6)
3
C
(6i)
4 0 0 −C(6i)5 0 −X(6)3
C
(6i)
5 0 0 C
(6i)
4 X
(6)
3 0
H
(6ii)
4 0 0 −2X(6)3 0 2S(6ii)6
S
(6ii)
5 0 0 −H(6ii)4 2S(6ii)6 0
H
(6iii)
4 −k 0 −X(6)3 + ζk 0
H
(6iv)
4
(
σ
2 − 1
)
k 0 − (1 + σ2 )X(6)3 0
Moreover, the generic KV X7 = c1k + c2X
(7)
2 + c3X
(7)
3 , is a Lie symmetry for equation (4) if and only if,
V
(7)
G = V (v (c3 + c2ωu)− c1u, r, ωθ+ ln (c2ωu+ c3)) . (81)
We note, that there exist subclasses of the isometry class 7 in which the spacetime (1) admits a greater
conformal algebra; however, these subclasses are not vacuum pp-wave spacetimes. We continue with the isometry
class 8.
3.8 Isometry class 8
Consider H = exp (2δt′)W (s′) where
t′ = ηy + σz , s′ = ηz − σy, (82)
δ = − c
η2+σ2 and c, η, σ ∈ R−
{
ζ2 ≡ η2 + σ2 = 0}.
For δ 6= 0, the spacetime (1) admits the three KVs
k, X
(8)
2 = u∂u , X
(8)
3 = δ (u∂u − v∂v)− ∂t′ , (83)
and for δ = 0 admits four KVs, the extra KV is
X
(8)
4 = t
′∂v +
(
η2 + σ2
)
u∂t′ .
Therefore, for δ 6= 0, the general form of the potential V (u, v, s′, t′) for which the Klein-Gordon equation
admits as a Lie point symmetry the vector field X8 = c1k + c2X
(8)
2 + c3X
(8)
3 , is as follows:
V
(8)
G = V (c1u+ v (δc3u− c2) , s′, δt′ + ln (δc3u− c2)) . (84)
Finally, the commutators of the Killing algebra are as follows[
k,X
(8)
2
]
= 0 ,
[
k,X
(8)
3
]
= δk,
[
X
(8)
2 , X
(8)
3
]
= −X(8)2 .
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Similarly, for δ = 0 we have that the vector field X
(0)
8 = X8 + c3X
(8)
4 is a Lie point symmetry of (4), if and
only if
V
(8)
G(0) = V

 s′, c2t′ −
[
c3 +
c4ζ
2
2 u
]
u,
c4t
′u− c2v + u
(
c1u− c3c42c2 u2 −
c24ζ
2
3c2
u2
)

 . (85)
3.8.1 Subclass 8i
When δ = 0 andW (s) = Ksγ , K, γ ∈ R∗ and γ 6= ±2, 1, the spacetime (1) admits a five dimensional homothetic
algebra. The extra HV is
H
(8i)
5 =
(
1− γ
2
)
u∂u +
(
1 +
γ
2
)
v∂v + s
′∂s′ + t′∂t′, (86)
where ψ
(8i)
5 = 1. Hence, the field Y
(8i)
5 = H
(8i)
5 − 12XΨ is a Lie point symmetry of (4) when
V
(8i)
5 = u
4
γ−2V
(
vu
γ+2
γ−2 , s′u
2
γ−2 , t′u
2
γ−2
)
, γ 6= 2. (87)
Finally the generic field X(8i) = X
(0)
8 + c5Y
(8i)
5 , is a Lie point symmetry for equation (4)), when
V
(8i)
G = V
(
s′ (g1)
2
γ−2 , (g1)
2
γ−2
[
γc5 (c5t
′ + c3) + 2c4
(
η2 + γ2
)
(c2 + c5u)
]
,
(g1)
γ+2
γ−2 g2
γ2 (γ + 2) (c5)
3
)
, (88)
where functions g1, g2 are
g1 = c5 (γ − 1)u− 2c2, (89)
g2 = 2c1c
2
5γ
2 + 4c2 (c4)
4
ζ2 + 4γc3c4c5 +
+2 (γ + 2) c5
[
c4
(
c5t
′γ + c4ζ2u
)
+ (c5)
2
γ2v
]
. (90)
We continue with the subclasses (8ii) and (8iii), where γ = 2 and γ = −2 respectively. As we have discussed,
when γ = 1 the space (1) is flat, and we do not consider that case.
3.8.2 Subclass 8ii
When γ = 2, i.e. W (s) = Ks2, the pp-wave spacetime (1) admits a seven dimensional conformal algebra. In
particular admits six KVs and a HV. The KVs are the fields k, X
(8)
2 , X
(8)
3 , X
(8)
4 and
X
(8ii)
5 =
√
2K
ζ
s′ cos
(√
2Kζu
)
∂v + sin
(√
2Kζu
)
∂s′ , (91)
X
(8ii)
6 =
√
2K
ζ
s′ sin
(√
2Kζu
)
∂v − cos
(√
2Kζu
)
∂s′ , (92)
where the HV is the H
(8i)
5 . Therefore, the fields X
(8ii)
5 and X
(8ii)
6 are Lie point symmetries of (4) when
X
(8ii)
5 : V
(8ii)
5 = V
(
u, s′2 −
√
2ζ√
K
v tan
(√
2Kζu
)
, t′
)
, (93)
X
(8ii)
6 : V
(8ii)
6 = V
(
u, s′2 +
√
2ζ√
K
v cot
(√
2Kζu
)
, t′
)
. (94)
We continue with the next subclass, where γ = −2.
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Table 4: Commutators of the conformal algebras for the isometry class 8 for δ = 0 and of the subclasses
(8i)-(8iii) for the pp-wave spacetime (1).
[XI ,XJ ] k X
(8)
2 X
(8)
3 X
(8)
4 H
(8i)
5 X
(8ii)
5 X
(8ii)
6 S
(8iii)
6
k 0 0 0 0
(
1 + γ2
)
k 0 0 0
X
(8)
2 0 0 0 ζ
2X
(8)
3
(
1− γ2
)
X
(8)
2 −
√
2KζX
(8ii)
6
√
2KζX
(8ii)
5 H
(8i)
5
X
(8)
3 0 0 0 k X
(8)
3 0 0
X
(8)
4
ζ2
X
(8)
4 0 −ζ2X(8)3 −k 0 γX
(8)
4
2 0 0 0
H
(8i)
5 −
(
1 + γ2
)
k
(
γ
2 − 1
)
X
(8)
2 −X(8)3 −γX
8
4
2 0 −X
(8ii)
5 −X(8ii)6 2S(8iii)6
X
(8ii)
5 0
√
2KζX
(8ii)
6 0 0 X
(8ii)
5 0
√
2K
ζ
k
X
(8ii)
6 0 −
√
2KζX
(8ii)
5 0 0 X
(8ii)
6 −
√
2K
ζ
k 0
S
(8iii)
6 0 H
(8i)
5 −X
(8)
4
ζ2
0 −2S(8iii)6 0
3.8.3 Subclass 8iii
When W (s) = Ks−2, the pp-wave spacetime (1) admits four KVs, one HV and the sp.CKV
S
(8iii)
6 = u
2∂u +
s′2 + t′2
2ζ2
∂v + us
′∂s′ + ut′∂t′ , ψ
(8iii)
6 = u. (95)
Therefore, from the sp.CKV we have that vector field Y
(8iii)
6 = S
(8iii)
6 − 12ψ
(8iii)
6 XΨ is a Lie point symmetry of
the Klein-Gordon equation when
V
(8iii)
6 = u
2V
(
v − s
′2 + t′2
2ζ2u
, su−1, tu−1
)
. (96)
The commutators of the elements of the conformal algebras of the isometry class 8 for δ = 0, and of the
subclasses (8i)-(8iii) are given in table 4. We would like to remark that for the subclasses (8ii) and (8iii), we
did not give the form of the potential for which the Klein-Gordon equation (4) admits as Lie point symmetry
the generic symmetry vector, which follows from the linear combination of the CKVs, because in this case the
potential has a complex functional form.
3.9 Isometry class 9
In isometry class 9, H = Keηy−σz with K, η, σ ∈ R− {ζ2 ≡ η2 + σ2 = 0} . In this class, spacetime (1) admits
a five dimensional Killing algebra. The KVs are the field k and
X
(9)
2 = u∂u, X
(9)
3 = u∂u − v∂v +
1
σ
∂z ,
X
(9)
4 =
(
y +
η
σ
z
)
∂v + u∂y +
η
σ
u∂z , X
(9)
5 = ∂y +
η
σ
∂z.
The commutators of the Lie algebra are given in table 5. In table 6 we give the form of the potential V (u, v, x, y)
for which any of the elements of the Killing algebra of (1) is a point symmetry of (4).
Furthermore, the generic vector field X9 = c1k + c2X
(9)
2 + ...+ c5X
(9)
5 is a Lie point symmetry of (4) if and
only if
V
(9)
G = V
(
g1, g2, g¯ (c3u+ c2)
C3
)
, (97)
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Table 5: Commutators of the Killing algebra for the isometry class 9 of pp-wave spacetime (1).
[XI ,XJ ] k X
(9)
2 X
(9)
3 X
(9)
4 X
(9)
5
k 0 0 −k 0 0
X
(9)
2 0 0 X
(9)
2 X
(9)
5 0
X
(9)
3 k −X(9)2 0 ησ2 k +X4 0
X
(9)
4 0 −X(9)5 − ησ2 k −X4 0 − η
2+σ2
σ2
k
X
(9)
5 0 0 0
η2+σ2
σ2
k 0
Table 6: Lie symmetries and potentials for the Klein-Gordon (4) in isometry class 9.
Lie Sym. V (u, v, y, z)
k V (u, y, z)
X
(9)
2 V (v, y, z)
X
(9)
3 V (vu, y, ue
−σz)
X
(9)
4 V
(
u, z − η
σ
y, 2vσ2 − ζ2
u
y − 2η(σz−ηy)y2σ2u
)
X
(9)
5 V
(
u, v, z − η
σ
y
)
where C3 =
c2c4
c3σ2
[
ζ2c2c4 − ηc3 (c3 + ηc5)− σ2c3c5
]
,
g1 (u, y) = exp (c3 (c3y − c4u)) (c3u+ c2)c2c4−c3c5 , (98)
g3 (u, z) = exp (c3 (c3σz − c4ηu)) (c3u+ c2)η(c2c4−c3c5)−(c3)
2
, (99)
and
g¯ (u, v, y, z) = c2v + (c3v − c4y − c1)u+ c4c5
c3
(
ζ2
σ2
(
u+
c2
c3
))
+
+
c2c4
σ2 (c3)
2
[
ηc3 − c4ζ2 (u+ c2)
]
+
+
(c4)
2
2σ2c3
ζ2u2 +
c4η (1− σz)u
σ2
. (100)
3.10 Plane wave spacetime: Isometry class 10
When the function H
(
u, xA
)
has the form
H
(
u, xA
)
=
1
2
(
A (u) y2 + C (u) z2
)
+B (u) yz, (101)
the spacetime (1) is a plane wave spacetime.
The spacetime (1) with (101) is vacuum when A (u) + C (u) = 0. Moreover, admits a six dimensional
homothetic algebra. The four KVs are given by the vector field [17, 18, 33]
X(10)a =
(
yd˙a (u) + ze˙a (u)
)
∂v + da (u) ∂y + ea (u) ∂z, (102)
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where d˙a =
d
du
(da) , and the functions da (u) , ea (u) satisfy the following system of equations
d¨a + Cda +Bea = 0, (103)
e¨a +Aea +Bda = 0. (104)
The fifth KV is the field k, and the proper HV is
H
(10)
6 = 2v∂v + y∂y + z∂z , ψ
(10)
6 = 0. (105)
Hence, we have that the fields X
(10)
a are Lie point symmetries of (4), if and only if
V (10)a = V
(
u, v − e˙a
da
yz − y
2
2d2a
(
d˙Ad− e˙aea
)
, z − ea
dAa
y
)
. (106)
Moreover, from the HV, we have that the field Y
(10)
6 = H
(10)
6 − 12XΨ is a Lie point symmetry of (4) provided
V
(10)
6 = v
−1V
(
u, y2v−1, z2v−1
)
. (107)
Finally, the generic field X10 = c1k + caX
(10)
a + c6Y
(10)
6 is a Lie point symmetry of (4) when
V
(10)
G = (cAda + c5y)
−2
V
(
u, g (v, u, y, z) ,
c5z + caea
c5 (cada + c5y)
)
, (108)
where
g (v, u, y, z) =
2c5v + c1
(cada + c5y)
2 + c2
d˙a (cada + c5y) + e˙A (caea + 2c5z)
(cada + c5y)
2 . (109)
The commutators of the homothetic algebra are [18][
k,X(10)a
]
= 0 ,
[
k,H
(10)
6
]
= 2k , (110)[
X(10)a , H
(10)
6
]
= Xa ,
[
X(10)a , X
(10)
b
]
= 2Q[ab]k, (111)
whereQab are constants. Furthermore, there are three subclasses, for special form of the functionsA (u) , B (u) , C (u)
of (101), for which the plane symmetric spacetime admits a greater conformal algebra. In the following we con-
sider the two subclasses for which the spacetime (1) admits extra sp.CKV.
3.10.1 Subclass 10i
When the functions A (u) , B (u) and C (u) of (101) are
A (u) = K
(
u2 + β
)−2
(sin (φ (u)) + λ) , (112)
B (u) = K
(
u2 + β
)−2
cos (φ (u)) , (113)
C (u) = −K (u2 + β)−2 (sin (φ (u))− λ) , (114)
where φ (u) = 2γ
∫
du
u2+β , the spacetime (1) admits the extra sp.CKV
S
(10i)
7 =
(
u2 + β
)
∂u +
1
2
(
y2 + z2
)
∂v + (uy + γz)∂y + (uz − γz)∂z , (115)
where ψ
(10i)
7 = u. Since S
(10i)
7 is a sp.CKV the
(
ψ
(10i)
7
)
;µν
= 0. Therefore we from S
(10i)
7 we have that the
vector field Y
(10i)
7 = S
(10i)
7 − 12ψ
(10i)
7 XΨ, is a point symmetry of (4) when
V
(10i)
7 =
(
u2 + β
)−1
V
(
v − r
2u
2 (u2 + β)
,
r2
u2 + β
,
e2θ
(u2 + β)γ
)
. (116)
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Table 7: Point symmetries and potentials for the Klein-Gordon equation (4) in the isometry classes 11-14
Class A (u) B (u) C (u) Extra KV Potential
11 αu−2 βu−2 γu−2 X(11)7 = u∂u − v∂v V (vu, y, z)
12 −cu−2 (sinφ+ λ) cu−2 (cosφ) cu−2 (sinφ− λ) X(12)7 = X(11)7 + δ∂θ V
(
vu, r, eθu−δ
)
13 α β c X
(13)
7 = ∂u V (v, y, z)
14 −c sin (2δu) + λ −c cos (2δu) c sin (2δu) + λ X(14)7 = ∂u V
(
u, r, eθu−δ
)
3.10.2 Subclass 10ii
When A (u) = −α (u2 + β)−2, B (u) = −b (u2 + β)−2 and C (u) = −c (u2 + β)−2, the extra sp.CKV of (4) is
S
(10ii)
7 =
(
u2 + β
)
∂u +
1
2
(
y2 + z2
)
∂v + uy∂y + uz∂z , ψ
(10ii)
7 = u, (117)
which is the field S
(10i)
7 for γ = 0. Hence, the field Y
(10ii)
7 = S
(10ii)
7 − 12ψ
(10ii)
7 XΨ is a Lie point symmetry of
integral when the potential has the form
V
(10ii)
7 =
(
u2 + β
)−1
V
(
v − r
2u
2 (u2 + β)
,
r2
u2 + β
, θ
)
. (118)
There are also four more isometry classes in which the plane wave spacetime (1) admits a seven dimensional
homothetic algebra [18], where there exists a six dimensional subalgebra and it is the homothetic algebra of
isometry class 10.
For these isometry classes, in table3 7, we give the functional form of A,B,C, the extra KV and the form
of the potential for which the corresponding KV is a Lie point symmetry of the Klein-Gordon equation (4).
4 Symmetry classification for the Wave equation
When the potential in (4) vanishes the Klein Gordon equation becomes
−2Ψ,uv + 2H
(
u, xA
)
Ψ,vv +∆δΨ = 0, (119)
which is the wave equation in spacetime (1).
Contrary to the Klein-Gordon equation, a CKV of the metric which defines the Laplace operator generates
a Lie/Noether symmetry for the wave equation only when the conformal factor is a solution of the original
equation (see condition (21)). Therefore, the KVs, the HV and the sp.CKVs generate always point symmetries
for the wave equation. Furthermore, in section 3 we showed that when the pp-wave spacetime admits a proper
CKV, then the conformal factor is a solution of the original equation, which means that the proper CKVs, when
there exist, generate always Lie and Noether point symmetries for the wave equation (119).
The Lie and Noether point symmetries of the wave equation (except the trivial ones) for the isometry classes
1 to 14, of section 3 are given in table 8.
3In the isometry class 12, φ = 2δ lnu.
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Table 8: Lie and Noether point symmetries for the wave equation in the pp-wave spacetime (1), for the isometry
classes of [17]
Class # Lie/Noether Sym. Class # Lie/Noether Sym.
1 1 k 6iv 4 k, X
(6)
2 , X
(6)
3 , Y
(6iv)
4
1i 2 k, X
(1i)
2 7 3 k, X
(7)
2 , X
(7)
3
2 2 k, X
(2)
2 8 3 k, X
(8)
2 , X
(8)
3
2i 3 k, X
(2)
2 , Y
(2i)
3 /Y
(2i)
3(−1) 8(0) 4 k, X
(8)
2 , X
(8)
3 , X
(8)
4
2ii 3 k, X
(2)
2 , Y
(2ii)
3 /Y
(2ii)
3(0) 8i 5 k, X
(8)
2 , X
(8)
3 , X
(8)
4 , Y
(8i)
5
2iii 3 k, X
(2)
2 , Y
(2iii)
3 8ii 6 k, X
(8)
2 , X
(8)
3 , X
(8)
4 , X
(8ii)
5 , X
(8ii)
6 , Y
(8i)
5
3 2 k, X
(3)
2 8iii 6 k, X
(8)
2 , X
(8)
3 , X
(8)
4 , Y
(8i)
5 , Y
(8iii)
6
4 2 k, X
(4)
2 9 5 k, X
(9)
2 , X
(9)
3 , X
(9)
4 , X
(9)
5
5 3 k, X
(5)
2 , X
(5)
3 10 6 k, X
(10)
a , Y
(10)
6
5i 4 k, X
(5)
2 , X
(5)
3 , Y
(5i)
4 10i 7 k, X
(10)
a , H
(10)
6 , Y
(10i)
7
5ii 4 k, X
(5)
2 , X
(5)
3 , Y
(5ii)
4 10ii 7 k, X
(10)
a , H
(10)
6 , Y
(10ii)
7
6 3 k, X
(6)
2 , X
(6)
3 11 7 k, X
(10)
a , H
(10)
6 , X
(11)
7
6i 5 k, X
(6)
2 , X
(6)
3 , Y
(6i)
4 , Y
(6i)
5 12 7 k, X
(10)
a , H
(10)
6 , X
(12)
7
6ii 5 k, X
(6)
2 , X
(6)
3 , Y
(6ii)
4 , Y
(6ii)
5 13 7 k, X
(10)
a , H
(10)
6 , X
(13)
7
6iii 4 k, X
(6)
2 , X
(6)
3 , Y
(6iii)
4 14 7 k, X
(10)
a , H
(10)
6 , X
(14)
7
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5 Conclusions
In this work we performed a complete classification of the Lie /Noether point symmetries for the Klein-Gordon
and the wave equation in pp-wave spacetimes using three results: (a) The general results of [31] and [15]
concerning the relation between the Lie / Noether point symmetries of the Klein-Gordon equation with the
conformal algebra of the underlying space; (b) the classification of the Klein Gordon equation based on the
isometries of (1) done in [17], and (c) The classification of the conformal algebra of the pp-wave spacetimes (1)
done in [18] and [33].
In addition we used these results in order to calculate the Lie and the Noether point symmetries of the wave
equation (119) in a pp-wave spacetime. We found that the Lie point symmetries form a Lie algebra GW (except
the trivial symmetries), of dimension dimGW ≤ 7 where the equality holds for the case where the space (1)
is a plane wave spacetime. In addition we noted that due to the fact that the conformal factors of the CKVs
of (1) are solutions of wave equation (119) all CKVs of (1) give rise to a Lie point symmetry give a Lie point
symmetry of (119). Because we have followed the classification of [18], the symmetry classification holds and
for non-empty spacetimes.
A further use of the results obtained in this work is that they can be used in order one to reduce and possibly
to solve analytically the Klein-Gordon equation (4) and wave equation (119) in a pp-wave spacetime.
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